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1. In the Princeton Colloquium Lectures,'! we discussed the motion 
of a particle in the plane under the action of any positional field of force. 
The general equations of motion are? 


where (¢, ¥) are the rectangular components of the force acting at any 
point (x, y). 

The total number of trajectories, for all initial conditions, is *. The 
differential equation of third order representing this system of trajectories 
(found by eliminating the time ¢ from (1)) is 


(y — y'o)y’” = [vz + Wy — 2)9’ — dyy"*]y” — 3oy"%. (2) 


This is not an arbitrary differential equation of the third order. We 
have given a completely characteristic set of five geometric properties of 
the dynamical trajectories in the Princeton Colloquium. The dynamical 
trajectories are projectively invariant, and recently Terracini has trans- 
formed each of the five properties into purely projective language.’ 

2. In the subsequent discussion, we shall need only three of the charac- 
teristic sets of five geometric properties. These may be stated in the 
following manner. 

Property I. If for each of the ! trajectories passing through a given 
point in a given direction we construct the osculating parabola at the given 
point, the locus of the foci of these parabolas is a circle passing through that 
point. 

The most general systems of * curves possessing the Property I are 
given by differential equations of the forms‘ 


(G): y’” = G(x, 9, »’)y” + H(x, y, y')y"?. (3) 
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Property II. The circle that corresponds according to the Property 
I, to a lineal element, is so situated that the element bisects the angle 
between the tangent to the circle and a certain direction fixed for the 
given point (the direction of the force acting at the given point). 

The most general systems with the properties I and II are defined by 
differential equations of the forms 


(Gu): ( — w)y’” = (9 — w)Gy" + 8y”, (4) 


where G is any function of (x, y, y’), and w is any function of (x, y). The 
type (G,,) thus involves one arbitrary function of three arguments and 
one arbitrary function of two arguments. 

Property III. In each direction at a given point there is one trajectory 
which has four-point contact with its circle of curvature: the locus of the 
centers of the ~! hyperosculating circles constructed at the given point 
is a conic passing through that point in the fixed direction described in 
Property II. 

Thus the most general systems of ~* curves possessing the properties 
I, II and III, are defined by differential equations of the forms 


(Gu): ( — @)y’”” = Oy’? + ny’ + vy" + 3y", (5) 


involving four arbitrary functions (w, A, u, v) each of two arguments (x, y). 

If we impose the two additional geometric properties IV and V, we shall 
find that the type (G,;:) will finally define the dynamical trajectories of a 
positional field of force. However, we shall not write the two properties 
IV and V as they are not necessary for our purpose in this paper. 

3. We consider the motion of a particle moving in the plane under 
a positional field of force and influenced by a resisting medium, the re- 
sistance acting in the direction of the motion and varying as some function 
of the speed v. In ballistics, the resistance R is usually taken as an em- 
pirical function consisting of various powers of the speed v for different 
intervals of time. In our work, we shall determine the form of the re- 
sistance R in order that the trajectories in the resisting medium shall 
possess some of the properties possessed by those in the case of no resistance. 

Let the resistance R be defined by the equation 


R = of(v). (6) 
The equations of motion will then be of the form 
x= $¢(x,¥) +xfe), y=v¥(x,y) + fl). (7) 


Upon eliminating the time z from these equations, we find that the differen- 
tial equation of the trajectories is 


(y — y’¢)y’"" = [Ye + Wy — o2)9’— by)" — 3hy"? — 2fy”*(Y — y’¢)™, 
(8) 
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where the argument v of f is to be expressed in terms of (x, y, y’, y”) by 
means of 


F(t — 99). (9) 


4. We wish now to obtain a fundamental intrinsic representation of 
the system of * trajectories in a positional field of force influenced by a 
resisting medium, the resistance R acting in the direction of the motion 
and varying as some function of the speed v. Upon decomposing the 
acting force into components JN, normal, and 7, tangential to the path, 
we find that the equations of motion (7) may be written in the form 


v? = rN, w,=T+R, (10) 


where v denotes the speed, s the arc length and 7 the radius of curvature. 
By differentiating the first of these equations with respect to s, and com- 
paring with the second equation, we can eliminate v, obtaining 


5 (rN) = 2T + 2R, (11) 


a relation which defines the trajectories and is equivalent to (8). 

To reduce this to a more explicit form, we introduce an auxiliary vector, 
completely determined by the given field of force, namely the space 
derivative of the force (considered of course as a vector). The normal and 
tangential components of the original force vector are 


¥—y¢ T= ot+yyv | 








"Gas" tT 
the corresponding components of the new vector are 
N a Vs ue yds sa Vx + (vy ie $)y’ mE dyy”? 
(A (1 + y”*) 
_— osty'bs _— be + (by + vz)’ + ry” 
== (1 + yy’)? ie (1 + y’?) . (13) 


While the new vector is the s derivative of the force vector, its components 
are obviously not the same as the s derivatives of the old components: the 
correct relations are found to be 


N, = N — T/r, T; = T+ N/r. (14) 


These formulae are sufficient for the discussion of the trajectories. By 
means of (14) we can reduce (11) to the form 


Nr, = —/M + 3T + QR. (15) 
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This is the fundamental intrinsic representation of the system of ~* trajectories 
connected with a given field of force influenced by a resisting medium, the re- 
sistance R acting in the direction of the motion and varying as some function 
of the speed v. 

From the preceding result, we may obtain the following theorem.°® 
If a particle starts from rest, the initial radius of curvature of the trajectory 
is to the radius of curvature of the line of force passing through the initial point 
as (83T + 2R)istoT. In most instances, R vanishes (when v = 0) so that 
this ratio of the corresponding radii of curvature is 3:1. 

5. Consider now the ~! trajectories starting from a given lineal element 
(x, y, y’). The focal locus, that is, the locus of the foci of the osculating 
parabolas, varies in shape with the function f, that is, with the law of re- 
sistance. This focal locus (X, Y) may be given parametrically by the 
complex equation 

3(1 + ty’)? — y’o) - se Be ata 
w+ ciel (1 + ty’)[¥e + Wy — b:)9’ — dyy’?] 


— 3(¢ + iy)y” — 2fy"@(1 + iy’) — yb)". (16) 


We know that, if there is no resistance, Property I is valid, that is, the 
focal locus is a circle passing through the given point. Are there any 
resisting media for which this property is preserved? By comparing (8) 
with (3), it follows that the last term of (8) must be of the form ay” + by”?, 
where a and 0 are functions of (x, y, y’) only. Hence it follows that f 
must be of the form Av + B/v, where A and B are constants. By (6), 
it follows that R = Av? + B. 

The only appropriate media for which the Property I is valid are those for 
which the resistance R is of the form Av? + B, where A and B are constants. 

This result could have been obtained also from the equation (15) by 
imposing the condition that 7, be linear integral inv. This will be the case 
if and only if R = Av? + B. 

Now if the resistance R is Av? + B, the last term of (18) is of the form 





2 

a4” [A(1 + y)(v — »’b)y” + By"). (17) 
For such media, Property II will not usually be fulfilled. By comparing 
(8) together with (17) with equation (4), we see that the Property IT will 
be fulfilled if and only if B = 0. 

The only medium preserving the properties I and II ts that in which the 
resistance varies as the square of the speed.. This is the particular law studied 
by Newton in the Principia. 

If we impose the Property III, both A and B must vanish, that is, the 
resistance vanishes and the force is purely positional. 
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6. It is of interest to examine the case where the resistance varies as 
any power v” of the speed. By (8), the differential equation of the tra- 
jectories is 


(Y — y'o)y’"” = [ve + Wy — 2)’ — dy” ly” — 3oy"? 
— 2k(1 + y/2)S-™ Ay — y'g)?-™y"™, (18) 


where 
m = 1/2(4 — n). (19) 


By (16), the focal locus in this case is given parametrically by the single 
complex equation 


+o) . os 


— 3(6 + ip)y” — 2k(1 + iy’)(1 + yy — y’g)Prmyn 
(20) 





Therefore the focal locus is a curve whose inverse with respect to the given 
point is of the form 


X =a+ WY — y'X) + (¥ — y'X)"", (21) 


where (a, b, c) are special functions of (x, y, y’) only. 

The focal locus is a straight line (as in the case of no resistance) when 
m is 1 or 2, that is, when x is 2 or 0. 

The curve is a conic when m is 3, 0 or 3/2, that is, when ” has one of the 
values —2 or4or1. When» = —2 the conic is a parabola with its axis 
parallel to the given element. When m = 4 it is a hyperbola, asymptotic 
to the line of the given initial element. When m = 1 it is a parabola 
touching the initial line (not at the given point). 

7. Corresponding results may be obtained in ordinary space. 
The only laws for which the spatial properties I and II (see the Princeton 
Colloquium) are valid are those included in R = Av? + B. If the spatial 
Property III is also preserved, the resistance must vanish. Property I 
is valid obviously for any medium. 


1 Kasner, “‘Differential-Geometric Aspects of Dynamics,’ Ame,. Math. Soc. Collo- 
quium Publications, 3 (1912, 1934). Also see a series of papers in Trans. Amer. Math. 
Soc., 7-11 (1906-1910). 

2 Throughout this paper, dots indicate total differentiation with respect to the time 
t; primes indicate total differentiation with respect to x; subscripts x and y indicate 
partial differentiation; finally the subscript s indicates the total differentiation with 
respect to the arc length s. 

3 Terracini, “Sobre la ecuacion diferencial y’’’ = G(x, y, y’)y’’ + H(x, y, y’)y’"2,” 
Univ. Nac. Tucuman, Revista A, 2; 245-329 (1941). 
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4 Any differential equation of the type (G) does define the ~* dynamical trajectories 
of generalized fields of force depending not only upon the point but also upon the direc- 
tion through the point. See Kasner and De Cicco, “‘A Generalized Theory of Dynamical 
Trajectories,’ Trans. Amer. Math. Soc., July 1943. 

5 This theorem has been generalized to acceleration fields of higher order. See Kasner 
and Mittleman, ‘“‘A General Theorem on the Initial Curvature of Dynamical Trajec- 
tories,’ Proc. Nat. Acad. Sci., 28, 48-52 (1942). Also De Cicco, ‘“‘Extensions of Certain 
Dynamical Theorems of Halphen and Kasner,” Bull. Amer. Math. Soc. (1943). 


DYNAMICAL TRAJECTORIES OF THE CURVATURE TYPE! 
By Joun De Cicco 
DEPARTMENT OF MATHEMATICS, ILLINOIS INSTITUTE OF TECHNOLOGY, CHICAGO, ILLINOIS 
Communicated July 15, 1943 


1. Kasner has determined all those fields of force in the plane whose 
dynamical trajectories are of the curvature type. The appropriate fields 
are those of the central or parallel type.* In this paper, we propose to 
discuss this problem in three-dimensional space. We find that all fields 
of force in space whose dynamical trajectories are also curvature trajectories 
consist of three distinct types, one of which is the central or parallel type, 
and the other two are complicated and new. 

2. Kasner in his Princeton Colloquium Lectures,’ studied the geometry 
of the dynamical trajectories in the plane and in space. In the plane, it 
is shown that the * dynamical trajectories may be characterized by a 
set of five independent properties, whereas in space, the * dynamical 
trajectories may be completely characterized by a set of four independent 
properties. 

Consider the motion of a particle of unit mass in space under the action 
of any positional field of force. The general equations of motion are 


Gx d*y dz 

diz big (x, y, 2), di? Kui v(x, y, 2), di? ne x(x, ys 2), (1) 
where (¢, ¥, x) are the rectangular components of the force acting at any 
point (x, y, 2). 


The total number of trajectories for all initial conditions, is ©. By 
eliminating the time ¢ from these equations, it is found that the ~§ 
dynamical trajectories are represented by the differential equations 


(y — y’o)2” = (x — 2'6)y", 


(v — y’o)9'" = [We + y'by + 2's) — 9’ (bs + 9'by + 2's) I" — vg 
2 
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3. The curvature trajectories of a given family of * curves in space 
may be defined in the following way. A curvature trajectory of the given 
family is a curve which is drawn so that at each point it has the same 
osculating plane as, and also c times the curvature of the member of the 
family to which it is tangent at that point, c remaining constant along the 
trajectory. Fo1 a given value of c there will be a set of ‘4 curvature tra- 
jectories, one in each direction through each point. By varying c, there 
result ©! such sets. Hence a given quadruply-infinite family generates 
a quintuply-infinite family of curvature trajectories. 

If the original family of ‘ curves does not consist entirely of straight 
lines, it may be shown that it is represented by the pair of Monge differ- 
ential equations of second order 


log y” = F(x, y, 2, y’, 2’), 2” = e* K(x, y, 2, y’, 2’), (3) 


where F and K are two functions in the five variables. The curvature 
trajectories of this family (3) of ~* curves are then given by the pair of 
simultaneous differential equations 


a" = Ky", yy!" = (F, + 9'F, + 2'F,)y" + (Fy + KFy)y". (4) 


Kasner has discussed the innate projective character of dynamical tra- 
jectories. The concept of curvature trajectories is also projective. By 
Mehmke’s theorem, it follows that the entire process of construction of 
curvature trajectories has projective meaning. 

4, It is observed that the * dynamical trajectories represented by (2) 
and the ® curvature trajectories defined by (4) are both special cases of 
systems of ~* curves of the three-dimensional type (G) given by differential 
equations of the forms 


2" = K(x,y,2,9',2')y", —-y""" = G(x, 9, 8, 9',2’)y” + A(x, 9, 2,9’, 2/9", 
(5) 


where (K, G, H) are arbitrary functions in the five variables. Kasner 
has shown that such systems of ~® curves of the three-dimensional type 
(G) are characterized geometrically by the following two properties.‘ 

Property I, The ~'! curves which pass through a given lineal element E 
all have the same osculating plane. 

Property II. If the osculating spheres are constructed at the lineal 
element E to the «! curves passing through EF, the centers describe a 
straight line. 

5. This resemblance between dynamical and curvature trajectories 
suggests the problem of determining all quintuply-infinite systems of curves 
in space which are simultaneously dynamical and curvature trajectories. 
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Kasner has completely solved this problem in the plane. The appro- 
priate families in the plane are exactly the trajectories of all central or parallel 
fields of force. (See reference 2.) 

Now we consider this problem in space. The proof of our result is long 
and complicated and will be published elsewhere. Our theorem is the 
following. 

FUNDAMENTAL THEOREM. The systems of ©°* curves which are simul- 
taneously dynamical and curvature trajectories are the dynamical trajectories 
of the following three distinct types of fields of forces:* 


(I) Those whose lines of force all lie in a pencil of planes. 

(II) Those whose lines of force are orthogonal to a family of ~? circular 
helices, all of which possess the same axis and the same period. 

(III) Those of the central or parallel type. 


Thus the answer in space contains more types than in the plane. We 
find that each of these types is projectively invariant. The three distinct 
types of our Fundamental Theorem may be characterized in the following 
way. They are those families of dynamical trajectories whose ~® curves 
can be analyzed into a series of sets, each set containing ~ ‘ curves, in such 
a way that one of the sets will generate the others by the simple process 
of multiplication of curvatures described above. 


1 Presented to the American Mathematical Society, November (1943). 

2 Kasner, ‘‘Dynamical Trajectories and Curvature Trajectories,” Bull. Amer. Math. 
Soc., 44, 449-455 (1934). 

3 Kasner, ‘‘Differential-Geometric Aspects of Dynamics,” Amer. Math. Soc. Col- 
loquium Publications, 3 (1913, 1934). Also see a series of papers in the Trans. Amer. 
Math. Soc., 7-11 (1906-1910). 

4 See the abstract of the paper presented before the American Mathematical Society 
in February, 1948: Kasner and De Cicco, ‘“‘Generalized Dynamical Trajectories in 
Space.’’ Also see a forthcoming paper by De Cicco, ‘‘Extensions of Certain Dynamical 
Theorems of Halphen and Kasner,” Bull. Amer. Math. Soc., (1948). 
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UNION-PRESERVING TRANSFORMATIONS OF DIFFERENTIAL- 
ELEMENTS 


By EpwaARD KASNER AND JOHN De Cicco 


DEPARTMENTS OF MATHEMATICS, COLUMBIA UNIVERSITY AND ILLINOIS INSTITUTE 
OF TECHNOLOGY 


Communicated August 6, 1943 


1. Sophus Lie studied transformations from lineal-elements into 
lineal-elements. The contact group is obtained by requiring unions to be 
converted into unions. We generalize this theory by studying trans- 
formations from curvature-elements (x, y, y’, y”) into lineal-elements 
(x, y, y’). An example of such a transformation arises in the ordinary 
theory of evolutes 

y’ 1 1 

a ee= CFS... OSE Sate...  F wes 
7 ¥ y 

(E) 


We determine the general class of union-preserving transformations by 
means of a directrix equation. While Lie’s standard directrix equation is of 
the form 2(X, Y, x, y) = 0, we find that our new directrix equation is of the 
form Q(X, Y, x, y, y’) = 0. From our work, we deduce a generalized 
theory of evolutes and involutes which contains the standard evolute 
theory of Huygens and Bernoulli as a very special case. Finally the 
entire theory may be extended to transformations from differential- 
elements of order m into lineal-elements. 

2. Any transformation from curvature-elements into lineal-elements 
may be given by the equations 


X = ¢(%,9,0,9, Y=v%,y?,9), P=x(«,,2,9), 
(1) 


where, of course, p = y’ = dy/dx andgq = y" = dp/dx = d*y/dx’. 

A union-preserving transformation converts every union of curvature- 
elements into a union of lineal-elements. In general, tangent unions will 
not be converted into tangent unions. If two unions in the (x, y)-plane 
possess m as the order of contact, then the two corresponding unions in 
the (X, Y)-plane will have contact of order (m — 1), at least. 

Any transformation from curvature-elements into lineal-elements, not of 
the union-preserving type, carries exactly @* unions into unions. If a trans- 
formation converts more than ~* unions into unions, then all ~° unions 
become unions, and therefore the transformation is of the union-preserving 
type. ’ 
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The transformation (1) is union-preserving if and only if 
y = Vet Phy + > ss Yo 
o: + Poy t+ de 


We wish to exclude from further consideration the following degenerate 
union-preserving transformations: 





(2) 


: 


X = const., Y = const., P = x(x, 9, p,q); (8.1) 
X = (x, y, p, g); Y = const., Pp =}: (3.2) 
X = const., Y = (x, y, p, g), P=o; (3.3) 
X= o(x, yD, q); Y= v[o(x, yD; q)], P= Ve. (3.4) 


The first type carries not only every union, but ali curvature-elements 
into a star (a point together with the ! directions through it). The 
second or third type carries every union and also all curvature-elements 
into a line parallel to the X- or Y-axis. The last type carries every union 
and also all curvature-elements into a single union. 

From our further discussion, we wish not only to exclude the preceding 
degenerate transformations but also all those union-preserving trans- 
formations which convert every lineal-element (considered as a union of 
curvature-elements) into a star. Such transformations are defined by 
equations of the forms 


pa vet Ph tm, 
bz + Pby + Qbp 


3. By a general union-preserving transformation T, we shall mean any 
correspondence which sends every union into a union but which is not of 
the forms (3) or (4). For sucha transformation T, it is noted that neither 
¢, nor ¥, vanishes. Therefore g can be eliminated from the first two 
of the equations (1), yielding the single relation 





X = ¢(%, 9,6), Y= v(x,» d), (4) 


O(X, Y, x, y, p) = 0. (5) 


We call this the directrix equation of the general union-preserving trans- 
formation 7. 

If we consider X and Y as parameters, the directrix equation defines 
exactly ~* unions in the (x, y)-plane. On the other hand, if we regard x 
and y as parameters, the directrix equation can define at most ~* unions 
in the (X, Y)-plane. 

The directrix equation (5) defines one and only one general union-preserving 
transformation T and conversely. 

A point in the (X, Y)-plane corresponds to ©! unions in the (x, y)-plane 
which are defined by the directrix equation (5) where X and Y are con- 
stants. To find the second derivative g of any one of these unions, we 
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differentiate (5) totally with respect to x while keeping X and Y fixed. 
Thus we find 


Q + PQ, + gQ, = 0. (6) 


Any lineal-element in the (x, y)-plane corresponds to a single union in 
the (X, Y)-plane. This is given by the directrix equation (5) where we 
regard (x, y, p) as constants. To find the slope of this single union, we 
differentiate (5) with respect to X where only Y is considered to depend 
upon X. Thus we have 


Qe + PQy = 0. (7) 


Our general union-preserving transformation T is obtained by solving 
the equations (5), (6) and (7) for (X, Y, P). 

We note the complete analogy of our new theory to Lie’s theory of con- 
tact transformations. In the Lie theory, any contact transformation is 
given by the directrix equation 2(X, Y, x, y) = 0, or else it is an extended 
point transformation. In our work, any union-preserving transformation 
1s given by the directrix equation (5), or else it is of the special form (A). 

4. Considered as a differential equation of first order in x, y, p, with X 
and Y as parameters, the directrix equation may be integrated, giving 
an equation of the form 


w(X, Y, x, y, c) = 0, (8) 


where c is the constant of integration. We shall call this the integrated 
form of the directrix equation (5). In the (x, y)-plane, both (5) and (8) 
represent the same family of * unions, whereas in the (X, Y)-plane, the 
o* unions corresponding to (x, y, p) are, in general, different from those 
corresponding to (x, y, c). 

Any union-preserving transformation from curvature-elements into 
lineal-elements is obtained by considering the osculating curves, of a given 
parameterized family of ~* curves, to an arbitrary curve. 

Suppose we are given * curves in the finite form. We select two 
parameters X and Y and define them as a point of another plane. The 
finite form is then given by equation (8). Eliminating the constant. c by 
differentiation, we obtain the directrix equation (5), from which the trans- 
formation JT may be obtained. This process demonstrates that we are 
obtaining the curves of (8) which osculate (second order contact) any 
arbitrary curve. 

From this point of view, it is seen that if T in the (X, Y)-plane is the 
corresponding union of y in the (x, y)-plane, then I may be termed the 
generalized evolute of y; and y is then termed a generalized involute of T' with 
respect to the given family of o* parameterized unions defined by (5) or 
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(8). A-single union has a single evolute, but to a single union there corre- 
spond ! involutes. 

5. The entire preceding theory may be extended to transformations from 
differential-elements of order m into lineal-elements. Any such trans- 
formation may be defined by the equations 


X = (x,y, pr, ..-) Pn), Y = Y(x, y, pi, a 
P= x(x, 9, Pr --+5 Pu), (9) 


where, of course, p, = d”y/dx” form = 1,2, ..., n. 

Any transformation from differential-elements of order n into lineal- 
elements, not of the union-preserving type, carries exactly o"*' unions into 
unions. If a transformation converts more than »"* unions into unions, 
then all unions become unions, and therefore the transformation is of the 
union-preserving type. 

The transformation (9) is union-preserving if and only tf 


ba Vz + Pity + tee +> Prbon- a Yon (10) 


oie iat .. +t we 





By a general union-preserving transformation T, we shall mean -any 
union-preserving transformation which does not carry every differential- 
element of order (x — 1) (considered as a union of differential-elements 
of order ) into a star. 

Any general union-preserving transformation T is defined by the directrix 
equation 


Q(x, a x, yy Pr eeey Pu—1) = 0, (11) 


and conversely. 
There are o/** general union-preserving transformations T. 
Differentiate the directrix equation with respect to x while keeping X 
and Y constant. The result is 
Qe + piQy +... + Pay, , = 0. (12) 
Also differentiate the directrix equation with respect to X where Y only 
depends on X. We find 


Qy + PQ, = 0. (13) 


Our general union-preserving transformation T is obtained by solving (11), 
(12) and (13) for (X, Y, P). 

Any general union-preserving transformation JT from differential- 
elements of order m into lineal-elements is obtained by considering the 
osculating (contact of order m) curves of a given parameterized family of 
ot! curves, defined in the finite form by 
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w(X, Y, X,Y, Cty. + +5 Cyu—1) - 0, (14) 


where (X, Y) are the selected parameters and (4, .. , c,—,) are arbitrary 
parameters, to any arbitrary curve. 

Of course, the preceding equation is the integrated form of the directrix 
equation (11). 

6. If a union-preserving transformation T from differential-elements into 
lineal-elements 1s such that any two unions which possess n = 2 as the order 
of contact are converted by T into two unions which have at least second order 
contact, then T must be a contact transformation of lineal-elements. 

From this result, we deduce the fact that, except for the extended Lie 
group of contact transformations of lineal-elements, there are no union- 
preserving transformations from differential-elements of order m into differ- 
ential-elements of order m wheren 2 m> 1. This includes as special cases 
the fundamental theorems of Lie and Backlund. Therefore the only 
available union-preserving transformations (in the whole domain of differen- 
tial-elements) are, firstly, the standard Lie contact group of lineal-elements 
and, secondly, our new set of union-preserving transformations from elements 
of order n (where n is 2 or more) into lineal-elements; or the extensions of 
these two types. 

In general, all the union-preserving transformations from differential- 
elements of order 1 into differential-elements of order m where n = m are, 
firstly, if 7 = m, the extensions of order (m — 1) of the Lie contact group 
of lineal-elements and, secondly, if m > m, the extensions of order (m — 1) 
of our union-preserving transformations from differential-elements of 
order (n — m + 1) into lineal-elements. 


1 Lie-Scheffers, “‘Beruhrungstransformationen”’ (1896). 

2 Kasner, ‘‘General Transformation Theory of Differential-Elements,’’ Amer. Jour. 
Math., 32, 392-401 (1904). 

3 Kasner and De Cicco, ‘‘Curvature Element Transformations Which Preserve 
Integrable Fields,’ Proc. Nat. Acad. Sci., 25, 104-111 (1939). 

4 Kasner, ‘‘Lineal Element Transformations of Space for Which Normal Congruences 
of Curves Are Converted into Normal Congruences,’”’ Duke Math. Journ., 5, 72-83 
(1939). 

5 Kasner and De Cicco, ‘‘Transformation Theory of Integrable Double-Series of 
Lineal Elements,’ Bull. Amer. Math. Soc., 46, 93-100 (1940). 
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A FORMULA FORTHE STREAM FUNCTION OF CERTAIN FLOWS 
By STEFAN BERGMAN 
BROWN UNIVERSITY 
Communicated May 11, 1943 


1. The potential and stream functions, ¢ and y, of an irrotational 
steady flow of a compressible perfect fluid satisfy a system of non-linear 
equations 


pW — ¢ = 0, pz + dy = 0, 


where p is the density. (See [2.1].!) Under the usual hypotheses p = 
p(¢22+¢,?, k) is a function of ¢,? + ¢,? which depends upon a parameter 
k. This parameter enters in the equation of state, which we assume to 
have the form p = a + co*, a, cand k being constants. 

Let [v exp (76)] denote the velocity vector. If we introduce v and 6 as 
independent variables then the equations connecting ¢ and y¥ become 
linear. As Chaplygin showed the above system becomes 


v~'pby — Yo = 0, p'v-'(1 — M*)\y + ¢ = 0. [3.8], (1.1) 


Here the Mach function, M(v, k), and the density, p(v, k), are given 
functions of v. Eliminating ¢ from (1.1) yields 


S(Y) = p*(1 — M?)yeo + p~v[p~ vy], = 0. [2.6], (1.2) 


In the case of an incompressible fluid, y is a harmonic function of 6 and 
log v. Taking the imaginary part of an analytic function of the complex 
variable (log v — 16) one obtains the stream function of a possible in- 
compressible fluid flow. In §2 and §4 we shall define operators, P, 
which transform analytic functions of one complex variable into solutions 
v(v, 6) of S(Y) = 0. Thus we obtain a method for generating possible 
stream functions of compressible fluid flows. The computing of the corre- 
sponding stream function in the physical plane, i.e., of y[v(x, y), 0(x, y)], 
is reduced to quadratures. (See §5 of [1].) Wenote, however, that the 
obtained flows do not always have a physical significance. (See § 4 of 
(1].) 

2. Chaplygin was the first to introduce operators into compressible 
fluid theory. 

Let 2B,yr” exp [1(2n0 + a,)], T=1/2(k — 1)ao-*v’, B, = O, be the series 
development of an analytic function. Then the relation 


+ ip = ZByr" Yno¥,(—(1 + nr, Y,—)(1 — 7) cos (200 + an) 
+ isin (200 + a,)} °(2.1) 
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yields a pair, ¢ and y, satisfying the system (1.1). Here 8 = (k — 1), 

Y, = F(dnbn, 2n + 1, 7), where F is the hypergeometric series, and 

, An; Dn, Yn suitably chosen constants.? We obtain another operator by 

the following procedure: By [0 + iH]! we understand the following: 
n 


Write =C,,,6"~ “(¢H)*, but then replace each 6”~“H* by 
«=0 


_ © feel ° JS Gas Peer: 1(H,)dH, on dH,_, Fite 1(H,_») dH,_» a, oe ) 
0 0 0 0 0 0 





~ 


x integrations 
K(H) = p-*(1 — M?). [8.21], (2.2) 


Here H is given by the relation dH/dv = p/v. The C,, are binomial 
coefficients. 


o + w = clo + iH]™! [8.22], (2.3) 


yields a pair of functions satisfying (1.1).* Here c is a real or purely 
imaginary constant. The factor /(H,) is to precede dH, for even s when ¢ 
is real, and for odd s when c is pure imaginary. The proof of the above 
statement follows immediately by substituting ¢ and y which are intro- 
duced in (2.3) into. [8.18] of [1]. Thus if D(a, + i8,)%” is the series de- 
velopment of an analytic function, 


o + ip = Z(a, + i8,)[0 + iH]™) (2.4) 


yields a pair of functions satisfying (1.1). 

An analytic function is representable by its series development only in the 
largest circle in which it is regular. Since the operators (2.1) and (2.4) 
depend upon the choice of the origin the usual method of analytic con- 
tinuation does not preserve the connection between g and y = P(g). 
Thus by (2.1) and (2.4) the functions ¢ and y are defined locally. The 
continuation of ¢ and y is a separate question which often presents still 
unsolved problems of considerable difficulty. On the other hand, in many 
instances in order:to obtain a compressible fluid flow similar to an incom- 
pressible one, it is necessary to determine the stream function y = P(g) 
in the whole (not necessarily schlicht) domain # in which g is defined. 
This is the reason why, in addition to the operators (2.1)"and (2.4), we 
introduce in § 4 a new operator P which defines the solution P(g) of (1.2) 
in the whole domain 9. . 

3. In order to define the above-mentioned operator we transform S 
into the canonical form (3.3). We assume in the following that‘ 
—1 S k < 1, and that the flow is subsonic. By the relation 
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2 = 2y arctan [y—"(1 — M?)'*] + 
log [(1 — (1 — M?)*)/(1 + (1 — M?))], (3.1) 


where M = v[ao? — 1/2(k — 1)v?]~* is the Mach function (see [2.6]), 
y =[(1+)” (1 — k)~] and ais a constant, we introduce the variable . 
If v varies from 0 to the velocity of sound, M varies from 0 to 1, \ varies 
from — ~ to 0 and T varies from 1 to 0. 
Lemma: Let M = u(2hd) be the function inverse to (3.1) and let T(2) = 
[1 — w2(2d)]”*.. Then for 2dr < 0, 


T(2\) = 1 —X — 1/2(2k + 1)X? — 1/4(4k? + GR + 3)X3 — 
1/o4(24k® + 68k? + 76k + 29)X4 — 1/4g(48K4 + 212k + 392k? + 
328k + 103)X® — */sq0(480k° + 2976k + 7968k* + 10,788R? + 
7266k + 1935)X* + */oge0(2880k° + 23472k5 + 84232k4 + 
162124k* + 173940k? + 98086k + 22675)X7 +... (3.2) 


where X = 2 exp [2A — y(x — 2arctan y)]. The proof of the convergence 
of (3.2) follows from the fact that T[log (X/2) + y(# — 2 arctan y)] 
considered as an analytic function of a complex variable X is regular in 
the circle |X | < 2 exp [—vy(a — 2 arctan y)]. By introducing the vari- 
ables \ and @, (1.2) becomes 


Lo(y) = '/4Ay + N(2d)y, = 0, [6.6], (3.3) 
N(2d) = —*/a(k + 1) [1 — T?Qd))[TQA)]~*. 


4, TueoreM. Let y* satisfy the equation 
L(y*) = '/,Ay* + F(2d)y* = 0, (4.1) 
where F(2h) is defined for’ S a, a 2 0, and possesses the property that 
d‘F(2r)/dd*| < cx + 1)(a — d)*** for x = 0,1,2,... and X\< a,(4.2) 


¢ <@ being a suitably chosen constant. Let g(£) be an analytic function 
regular in a domain 3 which contains the origin. Then 


V*(A, 0) = (4.3) 
Im [g(¢) + 272,.2-"P(2n + Y(T(n + 1)-7Q™ 2X) SF. Seas") 








n times 


will be a solution of (4.1), and (4.3) will represent it in every simply connected 
domain which contains the origin and lies in ® f.\\ @. G denotes the domain 
fr? + 6? < 4(A — a)? A< a]. 

The functions Q™ (2) are defined by the recurrence formula: 


(an + )0"7*" +08 +4FO =0, QM =-4F, OM =0, 
a<.0. 
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Proof. lf the series 1 + 1¢’?E,2_,(t¢'/*)"—!O% which we shall denote 
by E, converges, it represents a solution of the equation (1.2) of [3].° Then 
by Theorem 1 of [3] the integral SME, & dfD/e(1 — #)]dt/(1 — 2)”, 

-1 


where f(y) is an arbitrary analytic function of a complex variable 7, will 
be a particular solution of (4.1). Writing g(f) = 

S TDP /ek(1 — tJ dt/(1 — #2)’ we obtain (4.3). The proof of the con- 
=1 


vergence of the series 27°"¢"Q)(¢ + £) is similar to that of Theorem 2 of 
[3]. Taking the quantities Q"+” given by (2n + 1)Q"t? = 
OY + cla — »)—*[f* OP'dra + n-'c™(a — a)~"], where the c” are 


positive constants, as majorants for Q{"t”, one obtains oe” = 
c™ (a — d)7"7}, lim &™ = 1/2, 


1—> © 


If we substitute 


vA, 4) =[exp(— J” *N(2h)d(24))W*(A, 9) (4.4) 


in the equation (3.3), the latter becomes (4.1). Under physical conditions 
which usually occur, the obtained coefficient of y* in (4.1) satisfies the 
conditions (4.2) insome cases. In other cases, it is possible to approximate 
it by a function satisfying (4.2). 

Combining (4.4) and (4.3) we obtain an operator® P possessing the 
property mentioned at the end of § 2. 

Remark. We note that: 


L(2k) = — fN(2h)d(2d) =[—1/2 log T + 1/2(1—k)—* log(y?+T?) par 


QM (2a) = [—S/ealh + 1)T-* + 1/4kT-! + 1/e(1 — 3R)(1 ++ 2) — BT 
— (1 — k)-"(1 — R*)~* are tan (y/T))FEI™. 


5. Let q = v exp (i@) denote the velocity vector of a flow. A flow 
(3B) is said to be of the type D,, if the boundary of the domain @ in which 
% is defined consists of a segment of the negative real axis (— ~, a) and of 
2n segments S,, x = 1, ...2m, such that along every S,,_;, x = 1, 2, ...m, 
6 = 6, = const., 7/2 = 0, >&... >96, > 0, and along every S,,,v = v, = 
const., ¥,.; < 2%. The S,,_; are segments of straight lines, while the S,, 
are so-called ‘free boundaries.” The images Z and P of B in the v0 plane 
and in the \@ plane, respectively, are domains bounded by segments of the 
lines v = const., @ = const. and \ = const., 8 = const., respectively. The 
complex potential w(A, 6) of the flow § of the type D,, is the function 
which maps $ into the upper half plane, @. 

Using the theory of orthogonal functions’ one can obtain an explicit 
formula for the function 4(¢) which conformally maps a domain ® into @. 
We set 
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eae | | Foo ae Pane 
0 m4i(n) = ot ibe eee » i | ‘ ee 
Fao. - - Fem —1 n” | Fy —10- + - Fe —1 m—1 
Re: Re it” 
. (5.1) 
Visi: Meds 
where 


Frp= 201 (Mm + p + ST a T np = = i(m pies pb) [exp(0,(m Sic p)) 
— exp (6,4:(m — p))] if m # pand Tam = (6, — 0.4:). See [6] p. 
S II 1. If we write N(n, t) sd Lm 0bm+1()bm-41(E)s om+1(0) = 
S-"bm4i(n)dn, then 

t 


hg) = —7 Meer (= + 46)Ne(exp £, #) — [NG 1” 
Vx exp (—¢ + i8)N;,(exp ¢, t) — N(t, d))'" 


See § X.1-—§ X.3 of [6]. Here 8 and ¢ are constants which have to be 
chosen in a suitable way. 

For k = —1, ¥ = Im (h) represents the stream function of a flow of the 
type D,. (See footnote 6.) For other values of k, P(h) will represent the 
stream function of a flow of a compressible fluid, the boundary of which 
can be decomposed into (2m + 1) segments S* such that along Ot 
nearly constant, and along S),, v is nearly constant.’ 


(5.2) 





1 The reader will find a detailed derivation of some results and of some formulae 
used here, in [1], Bergman, ‘‘The Hodograph Method in the Theory of Compressible 
Fluid”’ (Supplement to ‘“‘Fluid Dynamics’’ by v. Mises and Friedrichs), Publication of 
Brown University, 1942. In order to facilitate the reading we indicate in the brackets 
the number under which the corresponding formula or section is listed in this work. 

A typewritten enlarged copy of this Note with detailed computations is available 
at Brown University Library. 

2See [2], Chaplygin, ‘Gas Jets,”” Memoirs Univ. Moscow, Ph.-Math. Section, 21, 
1-121 (1904). 

In connection with the introduction of the hodograph plane the investigation of 
solutions for which 0(¢, y)/O(log v, @) is identically 0 or © would be of interest. 

3 Dr. Bers and Dr. Gelbart in a joint investigation have obtained independently 
of the author, these same particular solutions. In their work which appears in the Quart. 
Appl. Math., 1 (1943), this result follows as a consequence of their approach to more 
general partial differential equations by complex variable methods. Concerning the 
connection between the functions (2.3) and (2.1) I refer to this paper. 

I note further that Dr. Vazsonyi by a different method obtained particular solutions 
¥(H, @) of the following form: 279 6"~“Vnx(H) where Vn,(H) are polynomials in H. 

4 The case k > 1 can be developed similarly. In this case, instead of (3.1), we use 


ie Ya ee Y/2\ 1/2 SF 
sais E (1 — M?) (; + h(l — M?) ) | nan (:=4) ; 





1 — h(1 — M2)? k+1 


1 — (1 — M2) 


(See [6.5] of [1].) 
5 See [3], Bergman, Matem. Sbornik (Recueil Math.), n. s. 2(44), 1169-1198 (1937). 
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6 In the case wherek = —1, L = Qo = 0,i.e.,~ = P(g) is a harmonic function and 
the operation P(g) consists in the taking of the imaginary part. This fact was estab- 
lished by Chaplygin, and it forms the basis of one of his methods and of that of 
v. Karmén-Tsien. See [4] v. Karman, Journ. of Aer. Sci., 8, 337-356 (1941), and [5] 
Tsien, Ibid., 6, 399-407 (1939). 

7 See [6] Bergman, ‘‘Partial Differential Equations,” Publication of Brown University, 
1941, VI-XI. 

8 We note that, using the theory of integral equations, one can prove the existence 
of the stream function of a flow of the type Dy, and that many flows which are of interest 
in fluid dynamics may be approximated by flows of the type Dn. 


CORRECTION TO “ON CERTAIN NON-LINEAR DIFFERENTIAL 
EQUATIONS OF THE SECOND ORDER” 


By NorRMAN LEVINSON 
DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated August 4, 1943 


In the above-cited paper’ several properties of a certain class, C, of 
differential equations were described. The author claimed that the 
equation 


x + f(x)x + g(x) = e(t), (1) 


with e(¢) of period L, was in class C subject to several conditions, the main 
one being f(x) 2 a > 0. 

To describe class C we observe that any point Po(%o, xo) in the (x, x) 
plane is transformed into a point Pi(m1, x1) by taking the solution x(t) of 
(1) for which x(0) = xand x(0) = xo, and setting x; = x(L) and x. = x(Z). 
This transformation of Po into P; we denote by T. Thus TP) = Py. 
The class C contains those equations of (1) whose maximum invariant 
finite domain under T is a dendrite. With f(x) positive, the maximum 
invariant finite domain of (1) can be shown to have plane measure zero 
and its complement is an open continuum which is simply connected if 
the point at infinity is adjoined to the (x, x) plane. But such a domain 
can deviate so considerably from a dendrite that (1) with f(x) 2a >0 
falls outside of the scope of the present proof. The author therefore 
withdraws his statement that (1) with f(x) 2 a > 0 is in class C. 


1 Levinson, N., ‘‘On Certain Non-Linear Differential Equations of the Second Order,” 
Proc. Nat. Acad. Sci., 29, 222 (July, 1943). 
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STRAIN SPECIFICITY AND PRODUCTION OF ANTIBIOTIC 
SUBSTANCES. II. ASPERGILLUS FLAVUS-ORYZAE GROUP* 


By SELMAN A. WAKSMAN AND ELIZABETH BUGIE 


New JERSEY AGRICULTURAL EXPERIMENT STATION, RUTGERS UNIVERSITY, 
NEw BRUNSWICK, N. J. 


Communicated July 19, 1943 


The production of antibiotic substances by microérganisms is not a 
property characteristic of specific groups of organisms or even of given 
species within such groups, but of a few selected strains within a given 
species. This has been demonstrated, in the case of the fungi, for Pent- 
cillium notatum,® Aspergillus fumigatus® and Aspergillus clavatus.” 

When several strains of the same organism were compared it was found 
that differences in the composition of the medium and in the environmental 
conditions greatly influence not only the yield of the antibiotic substance 
but also its nature or chemical composition. It is sufficient to cite the 
effect of corn steep upon the production of the active substance by P. 
notatum:® in the case of one strain (No. O), an active producer of true 
penicillin, the yield was increased but the concentration of the Escherichia 
coli factor® was reduced; in the case of another strain (No. W), an active 
producer of the E. coli factor, no favorable effect was exerted upon the pro- 
duction of penicillin, although the E. coli factor was depressed. Differences 
in the production of clavacin by a series of cultures of A. clavatus were 
shown to be due, partly at least, to the inactivation of the active sub- 
stance by the alkalinity of the medium produced by some of the strains.’ 

One would expect that similar variations in the physiology of the organ- 
isms would also hold true for other groups of antagonistic fungi. Aspergillus 
flavus represents such a group and is widely distributed in nature. The 
ability of members of this group to produce an antibacterial substance has 
been demonstrated by White*® and by Glister.* According to White, 
A. flavus is capable of growing in synthetic media, but it requires complex 
organic forms of nitrogen, such as tryptone, peptone and corn steep, for 
the production of an antibiotic substance, designated as aspergillic acid. 
This isolated substance had about the same effect against gram-positive 
as against gram-negative bacteria; on the other hand, the culture filtrate 
showed greater specificity towards the first. This suggested the possi- 
bility that another substance may have been present in the filtrate and was 
not extracted with the aspergillic acid. Glister also emphasized the wide 
range of antibacterial activities of the culture filtrate of A. flavus. 

Jones, Rake and Hamre? isolated from White’s culture different strains 
that showed definite variation in the production of the antibiotic substance; 
however, no difference could be observed in the nature of the bacteriostatic 
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spectrum between the metabolic filtrates of young and old cultures, on the 
one hand, and of the isolated aspergillic acid, on the other. Bush and 
Goth’ obtained from a strain of A. flavus another substance, designated 
as flavicin, that was very similar to penicillin in the nature of its bacterio- 
static spectrum, low toxicity to animals and activity in vivo. McKee 
and MacPhillamy‘ also demonstrated, by chemical, biological and chemo- 
therapeutic tests, that the second factor produced by A. flavus is penicillin. 

In all the above studies, the cultures of A. flavus were apparently chance 
air contaminants. In a survey carried out in our laboratories® on the 
occurrence of antagonistic fungi in nature, only one strain belonging to the 
A. flavus group was isolated. The culture filtrate of this organism showed 
only limited antibacterial activity, largely directed against certain gram- 
positive bacteria. On further study, however, it was found that when the 
composition of the medium was modified by the addition of complex organic 
materials and when conditions of growth were changed from stationary to 
submerged, there was a marked improvement in the production of the 
antibiotic substance by this organism. 

Because of the peculiar behavior of the particular strain of A. flavus, 
it was decided to make a more comprehensive study of the production of 
antibiotic substances by this group of organisms. Six different cultures 
were obtained from as many sources. They are listed here as follows: 


No. 26 represents the culture of Glister, who isolated it in England. 

No. 27 was isolated by White. 

No. 31 is a culture of A. flavus originally obtained from C. Thom in 
Washington and kept for many years in the N. J. Culture Collection. 

No. 134 was isolated by Pvt. A. Schatz, while stationed at the Miami 
Beach Military Hospital, in April, 1943, from a Meningococcus blood agar 
plate. 

No. 135 was received from Miss M. B. Morrow of Texas, who isolated 
it from a soil in Guatemala. 

No. 137 was isolated 2 years previously in the aforementioned survey 
of the occurrence of antagonistic fungi in nature. 


All these cultures represented typical forms of A. flaous. They showed 
minor differences, however; No. 27 tended to produce yellow spores and 
turned green only later, if at all; No. 135 was the only strain that produced 
sclerotia abundantly. 

In addition to these six cultures of A. flavus, five cultures of a closely 
related group of fungi, A. oryzae, were selected from our culture collection 
and tested for their ability to produce antibiotic substances. These cul- 
tures were obtained at various times from different laboratories and were 
known to be active producers of diastatic enzymes. With one exception, 
they showed no antibacterial activity whether grown in a stationary or in 








284 BACTERIOLOGY: WAKSMAN AND BUGIE Proc. N. A. S. 


TABLE 1 
PRODUCTION OF ANTIBIOTIC SUBSTANCES BY DIFFERENT STRAINS OF A. flavus 
Corn Steep Medium, Submerged Culture*® 


ACTIVITY BY 
CUP METHOD, ¢ 


STRAIN ACTIVITY BY PLATE METHOD, UNITS) ruMnaTson, PH or 
No. E.coli 3B. mycoides B. subtilis S. lutea MM. MEDIUM 
26 3 10 75 | 100 - 20 7.9 
27 0 0 0 0 14 7.8 
31 0 0 75 >300 30 8.0 

134 0 0 100 >300 29 7.6 
135 0 5 75 100 26 7.9 
137 0 0 150 >300 26 


* Five days’ incubation at 30°C. 

> Units of activity = ratio between volume of medium and smallest volume of culture 
filtrate showing inhibition of test organism. 

© Spore suspension of standard B. subtilis culture used;~ undiluted culture filtrate 
placed in cups. 


TABLE 2 


INFLUENCE OF COMPOSITION OF MEDIUM AND CONDITIONS OF GROWTH UPON THE 
PRODUCTION OF AN ANTIBIOTIC SUBSTANCE BY DIFFERENT STRAINS OF A. flavus 








NATURE OF 
MEDIUM CORN STEEP TRYPTONE-GLUCOSE 
STRAIN SUBMERGED, 5 DAYS STATIONARY, 8 DAYS SUBMERGED, 8 DAYS 

No. B. subtilis S. lutea B. subtilis S. lutea B. subtilis S. lutea 
26 75 500 0 0 15 30 
27 0 0 0 0 10 i 10 
31 75 200 0 0 0 0 

134 25 100 5° 5 10 10 

135 100 500 30 30 30 >100 

137 200 1000 0° 0 10 10 


*In another experiment, 6-day old stationary cultures gave for No. 134—30 B 
subtilis and 25 S. lutea units, and for No. 137—25 and 75 units, respectively. 


TABLE 3 
CouRSE OF FORMATION OF ANTIBIOTIC SUBSTANCES BY 2 STRAINS OF A. flavus 
Corn Steep Medium, Submerged Culture 


INCUBATION, STRAIN ACTIVITY, UNITS CUP METHOD, REACTION, 
DAYS No. B. subtilis S. lutea a PH 
2 135 0 30 12.0 5.8 
3 135 5 30 16.0 7.0 
4 135 25 25 22.5 Pe 
5 135 25 100 18.0 ye 
2 137 5 * 100 18.5 6.1 
3 137 50 1000 20.5 7.2 
4 137 75 750 26.5 7.3 
5 


137 100 750 26.0 
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a submerged condition, in synthetic or in organic media. Even the 
exceptional culture gave only low antibiotic activity, namely, 10 Sarcina 
lutea units per 1 ml. of filtrate, when grown under the most favorable 
conditions. 

When grown on the ordinary Czapek-Dox medium, whether in a station- 
ary or in a submerged state, the various cultures of A. flavus produced 
only little antibiotic activity. This phenomenon has already been re- 
ported by White.* When a corn steep medium” was used, some of the 
strains, especially when grown in a submerged and aerated condition, 
produced a highly active filtrate. This is brought out in tables 1 and 2. 
Even these culture filtrates showed very little activity, however, against 
E. coli and Bacillus mycoides; occasionally, some of the strains showed 
limited activity against either or both of these two test bacteria. The 
course of production of the antibiotic substance by two of the most active 
strains, 135 and 137, is shown in table 3. 

Since aspergillic. acid acts more or less alike against the different types 
of bacteria, both gram-positive and gram-negative forms, one must con- 
clude from the results presented in these tables that the antibiotic sub- 
stance produced under submerged conditions by the different strains of 
A. flavus is not entirely comparable to the true aspergillic acid, found by 
White and others, but represents a type of compound comparable to the 
flavicin of Bush and Goth.! 

At least three factors are involved in the production of the antibiotic 
substances by A. flavus, namely: (1) the specific nature of the strain of 
organism used, (2) the composition of the medium in which it is grown, 
(3) the conditions of growth, especially the aeration of the cultures. It is 
interesting to note that in submerged culture, No. 137 proved to be the 
most active strain when grown in the corn steep medium; however, in 
the submerged tryptone-glucose medium and in the stationary corn steep 
medium, No. 135 proved to be most active. 

The culture filtrates of the different strains of A. flavus grown in the 
submerged corn steep medium were acidified and extracted with ether. 
The extract was evaporated, taken up in alcohol, in which it dissolved 
readily, and tested for antibiotic activity. On the basis of one gram of 
dry material, the following units were obtained: 175,000 B. subtilis, 
1,000,000 S. lutea, 50,000 B. mycoides and 5000 E. coli. Whereas the 
culture filtrate had no activity against E. coli and little activity against 
B. mycoides, the extracted substance had a definite antibiotic action 
against the E. coli and especially against the B. mycoides. Quantitatively, 
the fraction thus extracted represented only a small part of the activity of 
the culture filtrate (about 10 per cent). Comparison ot the bacteriostatic 
spectrum of the original culture filtrate with that of the isolated material 
clarifies one point, namely, that the isolated material behaves in a manner 
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similar to aspergillic acid, whereas the spectrum of the culture filtrate is 
similar to penicillin and is, therefore, comparable to flavicin. 

In order to compare these data with those obtained for pure aspergillic 
acid,'! a sample of the latter was tested and found to contain 500,000 
B. subtilis, 300,000 S. lutea, 100,000 B. mycoides and 33,000 E. coli units; 
this type of spectrum is very similar to that obtained for the fraction 
isolated from the A. flavus submerged cultures by the above method. 
One must conclude, therefore, that A. flavus in submerged culture pro- 
duces two substances, one that comprises a smaller fraction and is com- 
parable to aspergillic acid, and another that makes up the major part of 
the active material in the culture and is comparable in its activity to 
penicillin and may be considered identical with flavicin. 

In order to demonstrate further the identity of the bacteriostatic spec- 
trum of the two organisms, the results of the following experiment may be 
reported here. Two of the most active strains of A. flavus (No. 137) and 
of P. notatum (No. 50) were grown in the corn steep medium in a sub- 
merged condition at 28°C., the cultures being shaken continuously, to 
provide aeration and agitation. At different intervals of time, some of 
the flasks were removed and analyzed (table 4). The activity of the A. 
flavus was slow at first, but reached an optimum in 5 days, whereas that of 
P. notatum rose more rapidly; the reaction of culture filtrate of the first 
never became acid, but remained at pH 7.5 to7.8 for some time, whereas that 
of the second became at first acid, then changed to alkaline, reaching pH 
8.5 in 5 days. Detailed results of the tests for this period are given in 
table 5. These results show in a most striking manner that the anti- 
bacterial nature of the antibiotic substance of A. flavus is exactly the same 
as that of P. notatum, as represented by the bacteriostatic spectra of the 
two organisms; any differences reported are quantitative rather than 
qualitative in nature. 

The crude extract was rather toxic for mice, but upon further puri- 
fication the toxicity was reduced to such an extent that a dose level of 400 
mgm. per kgm. of the final product was tolerated. Although this prepa- 
ration appears to be somewhat more toxic then penicillin, the fact that 
purification tends to reduce the toxicity suggests that upon the complete 
removal of the toxic principle, the order of toxicity of this agent will be 
similar to that of penicillin.’? 

It has already been established that different antagonistic organisms 
produce more than one antibiotic factor. P. notatum produces penicillin 
and notatin; A. fumigatus produces fumigatin and fumigacin, etc. To 
these must now be added A. flavus, which produces aspergillic acid and a 
substance comparable to penicillin and designated! as flavicin. To what 
extent antibiotic substances produced by different groups of micro- 
organisms represent the same type of chemical compound is a matter for 
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TABLE 4 
CouRSE OF PRODUCTION OF ANTIBACTERIAL SUBSTANCES BY A. flavus AND P. notatum 
Submerged Growth, 28°C. Incubation 


INCUBA- A. flatus P. notatum 
TION, PH oF UNITS OF ACTIVITY PH oF UNITS OF ACTIVITY 
DAYS CULTURE? S. aureus B. subtilis CULTURE? S. aureus B. subtilis 
2 7.8 Trace 5 6.3 200 250 
3 7.5 30 50 6.7 200 300 
5 7.8 200 200 8.5 400 500 
7 8.1 150 150 8.7 100 150 
9 8.4 100 150 9.0 20 50 


* Original reaction of medium after sterilization was 6.2. 


TABLE 5 


BACTERIOSTATIC SPECTRUM OF THE ANTIBIOTIC SUBSTANCES PRODUCED BY A. flavus AND 
P. notatum 


Units of Activity, 5-Day-Old Culture Filtrate 


TEST ORGANISM A. flavus P. notatum 
Staphylococcus aureus H 200 400 
Staphylococcus aureus D 100 300 
Sarcina lutea 500 1000 
B. subtilis O 200 500 
B. subtilis 243° 15 20 
B. mycoides <10 <10 
B. cereus <10 <10 
Shigella gallinarum <10 <10 


* This strain is inaccurately designated as B. subtilis; it is more closely related to 
B. mycoides. 


further study. Too little is yet known of the chemistry of these com- 
pounds to justify generalizations. The limited information available 
warrants, however, the suggestion that although those antibiotic sub- 
stances that are already known vary greatly in chemical composition, 
certain well-defined types of compounds may be produced by different 
organisms. This may hold true in the production of penicillin, namely, 
by members of the genus Penicillium (P. notatum and P. chrysogenum) 
and by members of the genus Aspergillus (A. flavus). 

Summary.—A study was made of the production of antibiotic sub- 
stances by six different strains of A. flavus and of five strains of A. oryzae. 
The A. oryzae strains had little or no antibacterial activity. The activity 
of the culture filtrate of the A. flavus strains was found to depend on the 
nature of the strain, the chemical composition of the medium and the 
conditions of growth, especially aeration and agitation. 

The bacteriostatic spectra of the culture filtrate of A. flavus and of the 
active substances isolated from it tended to prove that the antibiotic 
activity of this organism is.due to two distinct factors, namely, (a) asper- 
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gillic acid, which is active against gram-negative and gram-positive 
bacteria; (0) flavicin, comparable if not identical with penicillin, which is 
active largely against gram-positive bacteria. 

One of the cultures of A. flavus, isolated in a survey of the occurrence 
of antagonistic fungi in nature, produced under submerged conditions of 
growth enough flavicin to compare favorably with the production of 
penicillin: by the best strains of P. notatum grown under the same 
conditions. The bacteriostatic spectra of the two preparations were 
identical. 


* Journal Series Paper, New Jersey Agricultural Experiment Station, Rutgers Uni- 
versity, Department of Soil Microbiology. 
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COMPETITION BETWEEN FREE AND COMBINED NITROGEN 
IN NUTRITION OF AZOTOBACTER* 


By P. W. WILson, J. F. HuLt AnD R. H. Burris 


DEPARTMENTS OF AGRICULTURAL BACTERIOLOGY AND Puysics, UNIVERSITY OF 
WISCONSIN 


Communicated August 12, 1943 


A thorough knowledge of the effect of various forms of combined ni- 
trogen on the assimilation of molecular nitrogen may be highly suggestive 
regarding their réle as possible intermediates in biological nitrogen fixation. 
The stable isotope of nitrogen, N°, offers a convenient means for following 
the utilization of fixed and molecular nitrogen simultaneouslys If a 
culture of nitrogen-fixing organisms is supplied simultaneously with 
molecular nitrogen enriched with N’ and combined nitrogen com- 
pounds containing the normal ratio of the nitrogen isotopes, the final 
level of N* in the cells measures accurately what portion of their nitrogen 
they derived from molecular N2 and what portion from the combined 
nitrogen supplied. 

Many of the early tests to determine the effect of combined nitrogen on 
nitrogen fixation were conducted with cultures of questionable purity and 
under conditions far from optimum for growth of the organism. Burk 
and Lineweaver,' in reporting the effect of fixed nitrogen compounds as 
measured in short-time micro-respiration experiments, emphasized the 
erroneous conclusions which may arise from experiments in which the 
growth of the organism extends over a period of weeks. Burk? has lately 
called attention to the scarcity of recent work on the utilization of fixed 
nitrogen compounds by Azotobacter and has stated that, “Older work 
needs to be repeated with adequate supplies of trace elements (iron, molyb- 
denum, vanadium, tungsten, etc.).” 

; Experimental.—Burk’s' nitrogen-free, 2 per cent sucrose medium is 
inoculated with a 24-hour culture (1 drop per 10 ml.) of the free-living, 
aerobic, nitrogen-fixing organism, Azotobacter vinelandii. The inoculated 
medium is shaken to distribute the organisms, and 25-ml. portions are 
pipetted into sterile culture flasks.* The normal nitrogen compounds are 
added in 1 ml. of sterile, neutral solution, and 1 ml. of sterile water is added 
to the nitrogen-free controls. Sterile 50 per cent KOH (1 ml.) is placed 
in the inset cup for absorption of COz.. The flasks are plugged with sterile 
cotton and placed on a manifold in a 30°C. constant temperature bath. 
The system is evacuated, and O2 and N: are added to the desired pressures; 
in all experiments a pO, of 0.2 atmosphere and a pN2 of 0.2 atmosphere 
were employed leaving a 0.6 atmosphere vacuum. Oxygen is supplied 
from a’ 2-liter reservoir during the experiment. After a suitable period of 
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growth, as judged by the amount of oxygen used by the culture, the gas 
is recovered, the culture is removed from the flask and the cells are washed 
by centrifugation. The supernatant from the first centrifugation of the 
cells is analyzed to check that an excess of combined nitrogen remains at 
the end of the experiment. The washed cells are digested, converted to 
Nez and analyzed for N* content with a mass spectrometer.*® 

Ammonium- and Urea-N: Experiments 1 and 2, table 1, demonstrate 
how readily the NH,* ion is utilized by A. vinelandii. In experiment 1 
the organism had been previously grown on a nitrogen-free medium. 


TABLE 1 
COMPETITION OF AMMONIUM- AND UREA-N WITH N, AS SOURCE OF NITROGEN FOR 
: Azotobacter 
CULTURE NITROGEN SOURCE HOURS OF ATOM % PER CENT 
EXPERIMENT “ADAPTED”’* TO IN P. P. M. N INCUBATION N14 EXCESS FIXATION 
1 N2 N2 2.580 100.0 
NH,*—121 40 0.022 0.9 
NH,*—315 —0.019 0.0 
2 NH, acetate— N2 26.600 100.0 
300 p. p. m. NH,*+—102 30 0.369 1.4 
NH,t—312 —0.007 0.0 
3 Nz N2 25.840 100.0 
Urea—97 47 2.530 9.7 
Urea—302 0.030 0.01 
4 Urea—300 N2 27.140 100.0 
p. p. m. Urea—98 33 0.562 2.1 
Urea—296 0.101 0.4 
* Immediately preceding their use, ‘‘adapted”’ cultures were carried through 3 daily 


transfers in media containing fixed N supplied by the N compound to be tested. 


In experiment 2 the inoculum had been “adapted’’ by growth in 300 
p. p. m. ammonium acetate nitrogen through 3 daily transfers. With either 
the “adapted” or ‘‘non-adapted”’ culture fixation was completely elimi- 
nated by 300 p. p. m. of NH,*-N, and fixation accounted for only about 1 
per cent of the cellular nitrogen in the presence of 100 p. p. m. NH,y*-N 
indicating that, when available, A. vinelandii uses the ammonium ion to 
the exclusion of Ne. 

The response of A. vinelandii to urea-N is very similar to that with 
NH,*-N as can be seen by the data of experiments 3 and 4 in table 1. 
Even without previous culture on urea, the organism uses this source of 
nitrogen in preference to molecular N2; after 3 transfers fixation is prac- 
tically eliminated. The presence of an active urease in Azotobacter strongly 
suggests that urea serves essentially as another source of the NH,* ion; 
the decrease in fixation after adaptation to urea may well arise from in- 
creased urease activity. 
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Nitrate- and Nitrite-N: The non-adapted culture (table 2, experiment 
5) assimilated about 20 per cent of its nitrogen as Ne in the presence of 
nitrate. However, after adapting the culture to nitrate, fixation was 
almost eliminated in the presence of NO; (table 2, experiment 6). 

With a non-adapted culture (table 2, experiment 7) nitrite depressed 
fixation somewhat more than nitrate, but the culture adapted to nitrite 
responded in almost the same manner as the non-adapted culture (table 2, 
experiment 8). Nitrite levels above 75 p. p. m. N are toxic to A. vinelandu 
and hence nitrite and nitrate cannot be compared at the higher concen- 
trations. 


TABLE 2 
COMPETITION OF NITRATE- AND NITRITE-N WITH N2 AS SOURCE OF NITROGEN FOR 
Azotobacter 
CULTURE NITROGEN SOURCE HOURS OF ATOM % PER CENT 
EXPERIMENT “ADAPTED” TO IN P. P. M. N INCUBATION N44 EXCESS FIXATION 
5 No N2 2.110 100.0 
NaNO;—102 39 0.464 22.0 
NaNO;—277 0.381 18.1 
6 NaNO;—300 N2 23.370 100.0 
p. p. m. NaNO;—100 ~— 38 0.476 2.0 
NaNO;—323 0.046 0.2 
v Ne N2 2.946 100.0 
NaNO,—50 15 0.420 14.2 
8 NaNO.—50 Nz 21.340 100.0 
p. p. m. NaNO,—66 29 2.600 12.2 


Amino Acids: In the presence of molecular Nz the dicarboxylic amino 
acids, aspartic and glutamic acids, are used to a very limited extent by a 
non-adapted culture, but when previously grown in the presence of these 
nitrogen compounds, A. vinelandii will use somewhat greater quantities 
of them (table 3, experiments 3 and 9). Likewise previous culture on 
asparagin (table 3, experiments 10 and 11) increases its utilization from 
a quarter to a half of the total nitrogen assimilated by A. vinelandii. As 
with urea we may logically consider the possibility that asparagin is func- 
tioning by furnishing the ammonium ion to the organisms, and that the 
adaptation consists in stimulating the formation of the enzyme splitting 
the amide linkage. The alternative, that the nitrogen used is amino, 
appears untenable because of poor utilization of aspartate. Arginine is 
utilized neither by adapted nor by non-adapted cultures (table 3, experi- 
ments 10 and 11). An acid hydrolyzate of casein was used to furnish a 
mixture of amino acids, but as is shown in experiment 12, A. vinelandii 
did not obtain an appreciable amount of its nitrogen from this source. 

Discussion.—The primary objective of the studies with isotopic nitrogen 
is to provide better insight.into the mechanism of biological nitrogen 
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fixation. In agreement with the previous investigations with this isotope, 
the data suggest, but do not establish, that ammonia may be a primary 
product of nitrogen fixation by A. vinelandii. Only ammonia and such 
compounds as are readily converted into ammonia by the organism com- 
pete to any marked extent with the N:2 fixation reaction. Evidently the 
bacteria possess the mechanism necessary to obtain without delay their 
entire nitrogen requirements from NH,t+. With NH,°* itself, and probably 
urea, the organism can change immediately from a metabolism involving 
solely Nz to one in which NH,* meets all needs. The rapidity of the change 
has not been determined exactly, but N* can be detected in A. vinelandii 
cells within 1 minute after it is supplied as NH,*+ to a N-free culture (un- 
published data). 


TABLE 3 


COMPETITION OF AMINO ACIDS WITH N2 AS SOURCE OF NITROGEN FOR Azotobacter 


Experri- CULTURE NITROGEN SOURCE IN HOURS OF ATOM %N% PER CENT 
MENT “ADAPTED” TO Pp. P.M. N INCUBATION EXCESS FIXATION 

3 Ne N2 25.84 100.0 
Aspartate—108 47 23.62 91.4 
Glutamate—102 25.01 96.7 
9 N2 Ne 26.73 100.0 
Aspartate—100 Aspartate—102 41 22.52 84.2 

p. p. m. 
Glutamate—100 Glutamate—137 23. 80 89.0 

p. p. m. 
10 N2 Ne 3.329 100.0 
Arginine—50 24 3.486 104.8 
Asparagin—50 2.456 73.7 
11 Ne Ne 26.510 100.0 
Arginine—100 Arginine—121 40 26.900 101.5 

p. p. m. 
Asparagine—100 Asparagin—93 12.970 48.9 

p. p. m. 
12 Nz N2 17.03 100.0 
Casein hydrol.—101 29 17.24 101.1 
Casein hydrol— Casein hydrol.—101 16.52 97.0 


100 p. p. m. 


Sources of nitrogen which are more or less readily converted to NH,t 
also definitely inhibit the fixation reaction. Nevertheless, a significant 


difference in the inhibition is observed; if the culture has been pre- 
viously restricted to Ne, the organism does not immediately accept the 
combined nitrogen source to the complete exclusion of molecular nitrogen. 
If, however, a period of ‘‘adaptation”’ is provided (during which time the 
organism probably develops enough enzyme to convert the combined ni- 
trogen source into ammonia at a rate sufficient to meet its needs), the 











VoL. 29, 1948 BIOCHEMISTRY: WILSON, ET AL. 293 


compound behaves as does ammonia, viz., it suppresses almost completely 
the fixation reaction. 

The chief alternative to the hypothesis that biological nitrogen fixation 
proceeds via ammonia is the proposal of Virtanen‘ that hydroxylamine is 
the key compound. His evidence is based almost entirely on the excretion 
phenomenon which occurs at times in leguminous plants. The arguments 
for and against this mechanism have been discussed by Wilson’ who 
emphasized that much of the evidence was non-specific in the sense 
that it could serve equally well if NH,*+ were the prime intermediate. 
For example, independent of whether nitrogen is fixed as NHy*+ or NH2OH 
it probably is rapidly converted to amino acids, especially aspartic and 
glutamic acids, via the appropriate keto acid according to the generally 
accepted theory of nitrogen metabolism in plants. But it should be 
likewise noted that the data based on the isotopic research are also not 
critical in this same sense, viz., that they do not eliminate NH:OH as a 
possible intermediate—only that nothing uncovered so far by this ap- 
proach suggests the necessity of postulating its presence. Since even 
in dilute solution NH2OH is toxic to Azotobacter, it has not been possible 
to test its effect on fixation in a manner comparable to that employed 
for other nitrogen compounds. 

One noteworthy finding of the isotopic research should not be over- 
looked: neither aspartic acid, a key compound for the NH2OH view, nor 
glutamic acid, a compound suggesting NH,"*, are utilized in the presence 
of Ne. In both instances limitation in the cell’s permeability may be 
concerned. Although both of these compounds undoubtedly must be 
used when synthesized by the cell itself, the organism does not normally 
grow in their presence probably because it lacks the necessary enzymes 
to secure immediately from them the key compound of its nitrogen 
metabolism—ammonia. 

Summary.—Azotobacter vinelandii was grown in the presence of normal 
nitrogen compounds in an atmosphere containing N’ enriched molecular 
nitrogen. Isotopic analysis furnished a means for determining the ability 
of various compounds to compete with the nitrogen fixation reaction. 

Ammonia and compounds readily converted to ammonia are used to the 
virtual exclusion of molecular nitrogen. With ammonium compounds, 
and probably urea, the change from a metabolism involving only Ne: to 
one based on combined nitrogen is rapid and complete. With other 
compounds, notably nitrate, a period of “adaptation” is essential, other- 
wise fixation is not entirely suppressed. With asparagin an increased 
but not complete inhibition of nitrogen fixation was observed after adapta- 
tion. Nitrogen compounds which the organism assimulates only with 
difficulty (aspartic and glutamic acids) or not at all (arginine) do not 
inhibit the fixation of Nz to a marked extent. 
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The significance of these findings for the mechanism of nitrogen fixation 
by Azotobacter is discussed, and it is concluded that present evidence based 


on research with isotopic nitrogen favors the view that NH,* is a key 
intermediate. 


* This research was supported in part by grants from the Rockefeller Foundation and 
from the Wisconsin Alumni Research Foundation. 
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